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Abstract—While non-proportionality is assumed to degrade
scintillator energy resolution, the quantitative relationship be-
tween non-proportionality and energy resolution is not well un-
derstood. We report on the results of experimental data analysis
and Monte Carlo simulation used jointly to study the relationship
between scintillator electron response non-proportionality and
gamma ray energy resolution. Energy resolution for Compton in-
teractions was compared to energy resolution for photoelectric in-
teractions, to investigate the hypothesis that non-proportionality
affects these two types of interactions differently. The difference
is thought to be due to low energy quanta such as Auger electrons
and fluorescent x-rays produced by photoelectric interactions
(which predominantly interact with inner shell electrons) but
not by Compton interactions (which predominantly interact with
valence electrons). A newly constructed Compton coincidence
apparatus (SLYNCI) was used to measure electron response non-
proportionality in NaI(Tl) that was excited by Compton-scattered
electrons. Measured values for both light output vs. electron
energy and energy resolution vs. electron energy were then used
to predict gamma ray energy resolution, based on Monte Carlo
simulations that mimicked the distribution of energetic electrons
emitted following photoelectric absorption of gamma rays in the
scintillator. Predicted values were compared to experimental data
obtained by exciting the scintillator with isotopic sources. In
this manner, the component of gamma ray energy resolution
degradation due to non-proportionality was determined, as well
as the electron energy resolution component due to electron
response counting statistics and other possible limiting factors
such as Landau fluctuations in the dE/dx along the electron track.

Index Terms—Scintillator non-proportionality, energy resolu-
tion, Compton coincidence technique

I. INTRODUCTION

THE OVERARCHING goals of this work are (1) to

quantitatively understand the relationship between non-

proportionality and energy resolution, (2) to understand dif-

ferences in energy resolution predicted by counting statistics

and observed for electron excitation and gamma ray excitation

(e.g., Fig. 1), and (3) to compare measured gamma ray energy

resolution to predictions obtained from measured electron

response and models for photon transport and electron cascade

mechanisms.
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Fig. 1. Comparison of energy resolution of NaI(Tl) predicted by counting
statistics and observed for electron excitation and gamma ray excitation.

Fig. 2. (Left) Photoelectric interactions usually occur with inner shell
electrons, leading to low-energy Auger electrons and fluorescent x-rays.
(Right) Compton interactions usually occur with outer shell electrons, which
do not produce these low-energy quanta

It has been hypothesized that non-proportionality affects

photoelectric interactions very differently than Compton inter-

actions [1], [2]. Photoelectric interactions usually occur with

inner shell electrons, leading to low-energy Auger electrons

and fluorescent x-rays (Fig. 2, left). Compton interactions

usually occur with outer shell electrons, which do not produce

these low-energy quanta (Fig. 2, right).

To investigate this hypothesis, we performed experiments in

which an NaI(Tl) scintillator was excited by isotopic sources to

measure photoelectric interactions, and also by a newly con-

structed Compton coincidence apparatus known as SLYNCI

(Scintillator Light Yield Non-Proportionality Characterization

Instrument [3]) to measure Compton interactions. The electron

light output and energy resolution measured by SLYNCI were

then used as inputs to Monte Carlo simulations that mimicked

the cascade of energetic electrons emitted following photo-
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electric absorption of gamma rays and yielded predictions of

gamma energy resolution.

This work builds on previous research in which gamma

ray light output and the non-proportionality component of

gamma ray energy resolution are calculated from measured

electron light output [4], [5]. In particular, we incorporate

experimental measurements of the electron energy resolution

component along with the non-proportionality component to

predict gamma ray energy resolution for isotopic sources.

II. METHODS

A. Measurement of Electron Response and Energy Resolution

Fig. 3 depicts SLYNCI, a newly constructed, high through-

put, Compton coincidence apparatus [3]. SLYNCI can measure

a scintillator sample in just one day, compared to the month

that it took for an earlier instrument [6]. Energetic electrons

are produced from Compton scattered gamma rays within the

scintillator. The scattered electron absorbed in the scintillator is

detected in coincidence with the scattered photon in an HPGe

detector. The electron energy is calculated as the difference

between the source energy and the energy of the photon

detected by the HPGe detector. Electron response is measured

at various energies by varying the angle between the gamma

source and an array of five HPGe detectors.

SLYNCI data also contain coincident events in which the

Compton scattered photon undergoes additional scatter in

an HPGe detector (Fig. 4). These events are trimmed and

Gaussians are fitted to vertical profiles through the data (Fig. 5)

to measure the expected value of the electron light output

(location of the peak) and the electron energy resolution (width

of the peak). The measured electron energy resolution contains

components due to electron response counting statistics, as

well as other possible intrinsic limiting factors such as Landau

fluctuations in the dE/dx along the electron track.

B. Prediction of Gamma Ray Energy Resolution

Given SLYNCI-measured electron response and energy res-

olution as input data, we use models for photon transport

and simplified electron cascade mechanisms (Fig. 6) in Monte

Carlo software simulations to predict gamma ray energy

resolution.

With use of the GEANT4 software package [7], each inci-

dent photon is tracked through Compton interactions (if any)

until it is photoelectrically absorbed. A cascade of quanta is

then randomly selected from the cascades depicted in Fig. 6.

Fluorescent x-rays generated by iodine K-shell interactions

are assumed to be absorbed immediately via photoelectric

interactions with the L- or M-shells. Therefore, the net result

for each simulated incident photon is a random collection of

energetic Compton-scattered electrons (if any), photoelectrons,

and Auger electrons.
1) Statistical Modeling: The total light output, Lγ , associ-

ated with an incident photon with energy Eγ is modeled to be

the sum of the light outputs from the energetic electrons:

Lγ =
Nq∑
q=1

Lq, (1)

Fig. 3. Depiction of SLYNCI, a newly constructed, high throughput, Compton
coincidence apparatus [3].

Fig. 4. Data from five HPGe detectors also contain events in which Compton
scattered photons undergo additional scatter in the HPGe detectors.

Fig. 5. Scattered events in the HPGe detectors are trimmed and Gaussians
are fitted to vertical profiles through the data. The location and width of the
peak provide estimates of the expected value of the electron light output and
electron energy resolution, respectively.

where Lq are the light outputs from the energetic electrons

and there are at most Nq electrons. The expected value of the

total light output, given the energies Eq of the electrons, is

calculated from measured peak locations in the SLYNCI data

(Fig. 5):

E(Lγ |E) =
Nq∑
q=1

E(Lq|Eq), (2)

where E = [E1 · · ·ENq ],
∑Nq

q=1 Eq = Eγ (i.e., energy is con-

served), and E(·) is the expectation operator. The overall

average value of the total light output is obtained by averaging
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Fig. 6. Model for electron cascade sequences in NaI(Tl) taken from [4].
E denotes the photoelectrically absorbed photon energy.

over light outputs associated with all possible collections of

electron energies:

E(Lγ) = E
[
E(Lγ |E)

]
=

∫
D

Pr(E)
Nq∑
q=1

E(Lq|Eq)dE, (3)

where Pr(E) is the probability distribution for the collection

of electron energies and D is the domain of electron energies

over which Eq ≥ 0 and
∑Nq

q=1 Eq = Eγ .

Similarly, the variance of the total light output, given the

energies Eq of the electrons, is calculated from the variances

of Gaussians that are fitted to vertical profiles through the

SLYNCI data (Fig. 5):

var(Lγ |E) =
Nq∑
q=1

var(Lq|Eq), (4)

where it is assumed that fluctuations in the Lq are statistically

independent. Taking into account all possible collections of

electron energies, the overall variance is given by the law of

total variance [8]:

var(Lγ) = E
[
var(Lγ |E)

]
+ var

[
E(Lγ |E)

]
, (5)

where

E
[
var(Lγ |E)

]
=

∫
D

Pr(E)var(Lγ |E)dE (6)

var
[
E(Lγ |E)

]
=

∫
D

Pr(E)
[
E(Lγ |E) − E(Lγ)

]2
dE. (7)

Eqn. (6) gives the component of gamma light output vari-

ance that is due to the average variance of electron light

output, while (7) gives the component of gamma light output

variance due to non-proportionality. For an ideal scintillator

with proportional light output, E(Lγ |E) is identically equal

to E(Lγ) for all collections of electron energies E, and the

non-proportionality component of gamma light output variance

given by (7) is zero.

2) Analytic Expressions for Discretely-Distributed Electron
Energy: For collections of electrons with discretely-valued

energy, such as depicted in Fig. 6, the probability distribution

for the electron energies can be written as

Pr(E) =
Nc∑
c=1

Pr(E = Ec)δ(E − Ec), (8)

where Ec = [Ec
1 · · ·Ec

Nq
] denotes the (known) energies of the

electrons in collection c,
∑Nq

q=1 Ec
q = Eγ , Nc is the number of

possible collections, and δ(·) denotes the Dirac delta function.

Substituting (8) into (3) yields an expression for the expected

value of the gamma ray light output:

E(Lγ) =
Nc∑
c=1

Pr(E = Ec)
Nq∑
q=1

E(Lq|Eq = Ec
q). (9)

Similarly, substituting (8), (4), and (2) into (6) and (7), and

then substituting (6) and (7) into (5), yields an expression for

the variance of the gamma ray light output:

var(Lγ) =
Nc∑
c=1

Pr(E = Ec)

⎧⎪⎨
⎪⎩

⎛
⎝

Nq∑
q=1

var(Lq|Eq = Ec
q)

⎞
⎠

+

⎡
⎣

⎛
⎝

Nq∑
q=1

E(Lq|Eq = Ec
q)

⎞
⎠ − E(Lγ)

⎤
⎦

2
⎫⎪⎬
⎪⎭ .

(10)

3) Monte Carlo Sampling of Continuously-Distributed
Electron Energy: The Monte Carlo software simulations pro-

vide samples of the probability distribution for collections of

electrons that may contain Compton scattered electrons with

continuously-valued energy. Given SLYNCI-measured elec-

tron response and energy resolution, as well as the outcome

of Nc Monte Carlo realizations (i.e., Nc random collections

of electrons with energies Ec), (9) and (10) are used with

Pr(E = Ec) = 1/Nc to estimate the expected value and vari-

ance of gamma ray light output, respectively.

III. RESULTS

A. SLYNCI Measurements Extrapolated to Low Energy

Values for electron light output and energy resolution mea-

sured by SLYNCI are shown as circles in Figs. 7 and 8. Pre-

diction of gamma energy resolution from these data requires

that the values be extrapolated to zero energy.

Fig. 7 shows three different extrapolations of electron rela-

tive light output (i.e., the expected light output per unit energy,

E(Lq|Eq)/Eq, normalized to unity at a convenient energy).

The extrapolations flatten out at low energies at relative values

of 1.0, 0.9, and 0.8, respectively.

Fig. 8 shows two different extrapolations of electron energy

resolution, which were obtained by fitting and extrapolating

1449



0.1 1 10 100 1000

0.8

0.9

1

1.1

1.2

Electron Energy (keV)

Extrapolated Electron Response
R

el
at

iv
e 

L
ig

h
t 

O
u

tp
u

t

Fig. 7. Circles depict SLYNCI measurements of expected value of electron
relative light output (i.e., locations of peaks in Fig. 5). Three different low
energy extrapolations are shown.
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Fig. 8. Circles depict SLYNCI measurements of electron energy resolution
(i.e., widths of peaks in Fig. 5). Two different low energy extrapolations
are shown. Solid and dashed lines correspond to noise models 1 and 2,
respectively, shown in Fig. 9.

Fig. 9. Solid and dashed lines show fits of noise models 1 and 2, respectively,
to SLYNCI measurements of variance of electron light output, depicted by
circles. Noise model 1 is linear, and noise model 2 is quadratic and passes
through zero.

two different noise models to the measured variance in light

output (Fig. 9). The linear extrapolation (noise model 1)

yields an energy resolution of about 210% at 1 keV, while

the quadratic extrapolation that passes through zero (noise

model 2) yields an energy resolution of about 140% at 1 keV.

B. Measured and Predicted Gamma Ray Energy Resolution

Fig. 10 shows reasonable agreement between measured and

predicted gamma energy resolution, and that the predicted

gamma energy resolution depends primarily on which noise

model is used. Fig. 11 shows components of predicted gamma

energy resolution that are due to electron energy resolution

and to non-proportionality. These components are added in

quadrature [see eqn. (5)] to obtain a prediction of gamma

energy resolution. Electron energy resolution dominates at

lower energy, while non-proportionality begins to additionally

degrade gamma energy resolution above 60 keV. Fig. 12 shows

that degradation due to non-proportionality does not vary

dramatically as a function of the value of the extrapolated

low-energy light output.

IV. CONCLUSION

There is reasonable agreement between gamma ray energy

resolution measurements obtained by exciting NaI(Tl) with

isotopic sources and values predicted from SLYNCI mea-

surements of electron response and energy resolution and

models for photon transport and electron cascade mecha-

nisms. Low-energy extrapolation of the measured electron

energy resolution has a larger effect on predicted gamma

ray energy resolution than does low-energy extrapolation of

measured electron light output. Gamma ray energy resolution

is dominated by electron energy resolution at lower energy.

Electron response non-proportionality additionally degrades

gamma energy resolution above 60 keV.

Future directions include the use of GEANT4 to simulate

the full cascade of energetic electrons emitted following pho-

toelectric absorption of gamma rays, which will facilitate the

study of non-proportionality and energy resolution for a variety

of new scintillator materials.
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Fig. 10. Solid and dashed lines show gamma ray energy resolution predicted
by noise models 1 and 2, respectively. Measured electron relative light output
is extrapolated to 0.9 at low energy. Circles depict measured gamma ray
energy resolution obtained with isotopic sources.

Fig. 11. Components of predicted gamma ray energy resolution shown in
Fig. 10. Squares and diamonds depict electron energy resolution component
[see eqn. (6)] predicted by noise models 1 and 2, respectively. Stars depict non-
proportionality component [see eqn. (7)] predicted from measured electron
relative light output that is extrapolated to 0.9 at low energy.

Fig. 12. Non-proportionality component of gamma ray energy resolution
[see eqn. (7)] predicted from measured electron relative light output that is
extrapolated to values of 1.0, 0.9, and 0.8 at low energy.
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