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Abstract| In previous work we developed a list-mode it-
erative reconstruction algorithm (LMIRA) for SPECT ap-
plied to two dimensional image reconstruction. In the 2D
case we calculated the emission radiance distribution on the
circular enclosure of the object. This part is the forward
projection. In the backprojection we sampled the radiance
on the intermediate layer using the geometric properties of
the collimator. In 3D reconstruction we have to calculate
the emission radiance distribution on the cylindrical enclo-
sure. To characterize the radiance on the cylinder we need
additional parameters to localize the position on the layer
and the direction of the escaping photons, this results in a 4
dimensional function. The probabilities used in the LMIRA
update equation are calculated from sampling the radiance
with the cylindrical hole structure of the collimator.
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I. Introduction

In binned mode PET the acquired data is often rebinned
to 2D information using single slice rebinning or for exam-
ple Fourier rebinning. In Single Photon Emission Com-
puted Tomography (SPECT) reconstruction it is also pos-
sible not to use the 3D information and perform a 2D slice
by slice reconstruction using the 2D reconstruction meth-
ods. 3D list-mode reconstruction has previously been the
subject of research in positron emission tomography (PET)
[1] and Compton scatter imaging [2]. Fully 3D reconstruc-
tion is useful to incorporate the complete blurring model
to be able to correct for the distance dependent resolution
[3], which is a three dimensional e®ect. Recently we devel-
oped a 2D list-mode reconstruction method for SPECT ap-
plying a new projector backprojector pair. The list-mode
reconstruction approach di®ers in several ways from the
bin-mode methods. Acquiring the data in list-mode for-
mat, one can store the interaction location to a high degree
of accuracy (2k by 2k for example) with greater e±ciency
than achievable with frame mode acquisition. The gantry
angles do not have to be binned into prede¯ned frames, but
one can record the actual angle thereby removing the im-
pact of angular blurring with continuous acquisition. The
actual energy of the interaction can be recorded instead of
attributing the event's energy to one of a limited number of
pre-de¯ned windows. It is obvious that when increasing the
dimensionality in this way it is no longer possible to bin the
data into a matrix. Finally, list mode can also store gating
signals without the need for temporal framing of the data
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before this information is completely available. The result
is a signi¯cant increase in the ¯delity of recording the pro-
jection data with list-mode acquisition, without a tremen-
dous increase in storage space. In bin-mode acquisition of
SPECT data the number of detector locations is prede¯ned
and rarely exceeds 256x256 detector bins acquired over 120
angular steps. This means data will be grouped together
thereby loosing detailed information. For each bin i it is
possible to obtain the probability of the i-th outcome, given
an emission at the j-th voxel within the object. When the
number of possible detector bins is limited one can calcu-
late and store the entire transition matrix, giving the rela-
tionship between the object space and the detector space.
With this information the probability of detecting an emis-
sion from the j-th voxel can be calculated. To calculate the
maximum likelihood solution to this probabilistic problem,
iterative methods such as expectation maximization max-
imum likelihood (MLEM) [4][5] have been presented. In
list-mode the set of possible outcomes is so large that few
of the outcomes occur maximum more than once and most
of them never occur at all. In binned format this would
mean that most of the elements of the, very large, sino-
gram are zero. Therefore it is more e±cient to acquire the
detected events in a list, together with their detection pa-
rameters such as detector location, gantry angle, energy,
time stamp, etc. Since it is no longer possible to store the
transition matrix, it will be necessary to calculate the prob-
abilities, used in the reconstruction algorithm, on the °y. In
our previous work this was done using a new approach: the
intermediate layer. In previous work we developed a list-
mode iterative reconstruction algorithm (LMIRA) [6] for
SPECT applied to two dimensional image reconstruction.
This reconstruction method used the geometric collimator
model to apply the resolution recovery in a single slice [7].
In this work we deploy a modi¯cation of the projector and
backprojector to ¯t the three dimensional reconstruction
problem. First we will explain the transition of the cal-
culation of the emission radiance distribution from 2D to
3D. Secondly we detail the sampling of the obtained ra-
diance distribution with the three dimensional collimator
structure will be described. Finally we will present the 3D
list-mode reconstruction algorithm.
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Fig. 1. Forward projection of the source distribution onto the inter-
mediate layer.

II. Method

A. 3D emission radiance distribution

In 2D list-mode reconstruction a circular enclosure was
used surrounding the object, called the intermediate layer.
For the 3D problem, using for example a parallel hole or
a fan beam collimator, a cylindrical enclosure will be best
suited. For the imaging of small object with a pinhole or
a cone beam collimator it may be that a sphere is more
appropriate for this speci¯c problem. In this work we dis-
cuss the case of a parallel hole collimator and thus use a
cylindrical intermediate layer.
To calculate the radiance distribution on the intermedi-

ate layer an isotropic emission is generated at each point
in the source distribution. For an isotropic emission gen-
erated at point P (r; Á; z) the contribution to the radiance
in each point on the cylinder has to be calculated. For
the location S(Ã; z) on the cylinder, the emission from the
source element P will be given by the vector FP (Ã; z; µ;∙)
(image 1). To obtain the radiance distribution from P at
S one can use the known expression:

FP (Ã; z; µ;∙) = EP : exp (¡
Z S

P

¹(r;ª; z):ds); (1)

With EP the value of the source distribution at P , and
¹(r;ª; z) the continuous attenuation coe±cient distribu-
tion. The total emission radiance distribution F (Ã; z; µ;∙)
in point S can be calculated by integration of the function
F over the line through the object de¯ned by S, µ and ∙.
In the expression the parameters Ã and z indicate the

location on the cylinder face. The parameters µ is the angle
of the projection of F on the trans-axial slice through the
source point P relative to horizontal x-axis and ∙ is the
angle, obtianed when projection F in the plane given by
the axial line (z-axis) through the location point S and the
normal vector N in S, relative to N . These parameters
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Fig. 2. Parameterizing the direction of the escape vector F.

give the direction of the escape vector F . To incorporate
the detector response in the z direction we will need the
additional parameter ∙ (image 2).
When projecting the source distribution to the interme-

diate layer it is possible to build in the following restriction.
In the axial direction the projection can be limited by the
known geometric parameters of the collimator. Since pho-
tons leaving the intermediate layer, with an angle ∙ greater
than the acceptance angle of the collimator, will never be
acceptable by the collimator holes, there is no need to cal-
culate the projection beyond this point. In this way the
axial projection can be restricted. The angle µ can not
be restricted since the detector is rotating in this direc-
tion. Image 3 shows the emission radiance distribution for
a point source. The right image is the surface plot of the
left image. The top image is the complete distribution and
the bottom image is the restricted radiance for a High Res-
olution parallel Hole (HR) Marconi collimator.
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Fig. 3. Emission radiance distribution for a point source out of center.
Top: complete radiance distribution. Bottom: radiance distribution
restricted by the collimator axial acceptance angle.

B. Sampling the radiance distribution with a collimated de-
tector

Consider data acquired from an object into list-mode in-
formation with the following parameters: axial location of
incidence a, trans-axial location t and gantry angle ±. The
collimator discussed primarily in this paper is a parallel



hole collimator. For each single list-mode event n in the
reconstruction we place a collimator hole over the center of
the detector location (a; t). From the bottom area of the
collimator hole towards the intermediate layer, (i.e. the
cylinder shown in ¯gure 1), we will see a fraction of the
cylinder. Lines drawn from the outermost parts of the col-
limator hole, over the edges of the collimator septa, to the
cylinder restrict the solid angle seen (¯gure 3).

Fig. 4. Backprojection of the cone from a collimator hole through
the cylinder.

When we consider the intersection of the cone coming
from the collimator hole and the cylinder face, all elements
on the cylinder with possible contribution of the radiance
to this speci¯c list-mode event are selected, these elements
are called scanning points. In every scanning point the
emission radiance distribution is parameterized by the an-
gles µ and ∙. The face of the cone will put restrictions
on these angles since the vector of the escaping radiance
has to lay within the cone (image 5). In a ¯rst step one
has to obtain the area on the cylinder face which is the in-
tersection of the cone and the cylinder. Secondly for each
scanning point in this area the restriction on µ and ∙ have
to be applied. This will give the four dimensional region
An(Ã; z; µ;∙)

When we integrate the emission radiance distribution
F (Á; z; µ;∙) over the region An(Á; z; µ;∙), we get the con-
tribution of the emitted photons from the total source dis-
tribution into the speci¯c detector location during projec-
tion. In the backprojection step, An de¯nes the region of
the object into which the counts in the detector bin will
be backprojected and therefor will depict how the detected
photons, for a speci¯c detector location, will contribute to
the backprojected image. It is also possible to use an ex-
pression for the geometric point response in terms of the
autocorrelation of the collimator aperture function for one
collimator hole [8]. This operator can be used to calculate
the individual voxel contributions. When we do not want
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Fig. 5. Selection of the vectors from the emission radiance distribu-
tion in the acceptance cone.

to model the e®ects of attenuation and scatter in the back-
projection, but only the distance dependent resolution, we
can use the basic collimator aperture function. The e®ect
of the mismatched projector/backprojector pair has to be
investigated [9].

C. List-mode reconstruction

Consider a data set of N list-mode events with attributes
being the coordinates, gantry angle, energy level, etc. If
we want to use the ML algorithm we need to calculate
Pj(ln), for n = 1; 2; :::;N and j = 1; 2; :::; J , the probability
density that an item ln would occur in the list, given there
was an emission of a photon in the j-th voxel.
A list-mode maximum-likelihood reconstruction algo-

rithm for PET was previously developed by Parra et. al.
[10], [11] :

x
(k+1)
j =

1

N
:

NX
n=1

P (lnjj):x(k)jPJ
j=1 P (lnjj):sj :x(k)j

(2)

In this equation x
(k)
j is the expected number of photons

emitted from source bin j per unit of time for the kth it-
eration, and sj is the sensitivity for that source bin. N is
the number of list-mode events. J is the number of source
bins.
The nominator in the summation over the list-mode

events N is probability density given above. This can be
seen as the probability that an emission in voxel j will lead
to the detection of the list-mode event ln. The denominator
is the total over all voxel of the probability density func-
tions given the detection of event ln. When we look at the
radiance distribution this will give the probability density
functions of photons coming from the source distribution,
leaving the intermediate layer in a speci¯c direction. In the
previous section we discussed how to restrict the area on
the intermediate layer for a given list-mode event. Doing



this we can obtain the contribution of the radiance distrib-
ution to a speci¯c event. This is equal to the denominator
in equation. The nominator can be calculated from the
radiance for a singe voxel or by using the collimator aper-
ture function. Therefore, the equation can be rewritten as
follows:

Y
(k+1)
jn =

H
An
F
(k)
j (Á; z; µ;∙)H

An
F (k)(Á; z; µ;∙)

(3)

where An is the list-mode speci¯c acceptance area. F
(k)
j

is the radiance distribution for voxel j for the kth estimate,
and F (k) is the total radiance distribution for the kth source
estimate. Since one list-mode event is the detection of a
single photon, the backprojected value is normalized to 1.

y
(k+1)
jn =

Y
(k+1)
jnPJ

j=1 Y
(k+1)
jn

(4)

x
(k+1)
j =

NX
n=1

y
(k+1)
jn (5)

The algorithm updates the estimate of the source dis-
tribution for each list-mode event and sums the individual
results to the ¯nal new estimate for the source distribution.
In this way the integrals can be calculated on the °y and
do not have to be stored. The reconstruction start from
a uniform source distribution to calculate the primary ra-
diance. After a run through the list-mode data set, the
emission radiance distribution is recalculated and used in
the next iteration.

III. Results

Preliminary test of the reconstruction algorithm were
performed on a simple three dimensional Gaussian distrib-
uted sphere with FWHM of a central cross section equal
to 12.5 mm, placed in the center of a 32 cube matrix with
voxel size 3,125 mm. List-mode information for this ob-
ject was derived from Monte-Carlo simulation, where the
data was acquired in projections of 512x512 detector bins
over 360 angles. A high-resolution parallel-hole collimator
was speci¯ed, with hole size 1.4 mm, length 27 mm and
radius of rotation equal to 112 mm. This results in the
maximum diameter of the backprojected cone being 14.4
mm or less than 5 voxels. The initial emission radiance
distribution was derived from a uniform cylinder with ra-
dius 10 cm within the 32x32x32 matrix. As with the 2D
LMIRA, the three dimensional reconstruction is resolving
the object over the di®erent iterations. Further study is
needed to optimize the reconstruction procedure.

IV. Discussion and conclusion

In this study we propose an extention of the 2D list-
mode reconstruction towards fully three dimensional image
reconstruction. Calculating the emission radiance distrib-
ution it is possible to incorporate the e®ects of attenuation
and scatter. This is can be done by using ray-tracing as

implemented in the 2D LMIRA. A di®erent approach could
be using a model based deformation of the radiance based
on the attenuation and electron density maps. The cal-
culation of the 4D radiance function is a computational
intensive task. In our approach this calculation has to be
done once every iteration. The calculation of the intersec-
tion of the cone coming from the collimator hole and the
cylinder could be used more e±ciently to de¯ne the voxel
within the object which can possibly contribute to the list-
mode event. In that way the number of voxel which have
to be taken into account in the reconstruction of a single
event can be reduced signi¯cantly.
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